
Task-Induced Riemannian Metrics for Vision
Transformer Feature Spaces

Andrew Bond
Koç University

Istanbul, Türkiye

Ege Erdem Özlu
Koç University

Istanbul, Türkiye

Tuna Çimen
Koç University

Istanbul, Türkiye

Ilkin Umut Melanlioglu
Koç University

Istanbul, Türkiye

Tolga Birdal
Imperial College London

London, UK

Erkut Erdem
Hacettepe University

Ankara, Türkiye

Aykut Erdem ∗

Koç University
Istanbul, Türkiye

aerdem@ku.edu.tr

Abstract

Methods operating on Vision Transformer (ViT) feature spaces typically rely
on Euclidean distance or cosine similarity. This assumes that every direction is
equally meaningful, but there is no reason to believe the true task geometry has
this property. The task-sensitive geometry of the feature space is given by the
pullback metric g(F ) = J(F )⊤J(F ), where J is the Jacobian of the decoder’s
output fed to a task-specific distance, with respect to the features. Storing the full
g is infeasible at modern scales, and for dense outputs such as depth maps even
forming J is impractical. We show that whether a low-rank approximation of this
metric can be learned depends on the model-decoder pair, and we characterize this
with a matrix-free diagnostic κcap(r) computable with a low number of Jacobian-
vector products. For tractable pairs, we develop the Spectral Pullback Network
(SPN), which learns a low-rank version of the metric from randomized power
iteration, and we distill it into a 310K-parameter importance head that predicts
token importance directly from the features. When the Jacobian spectrum is too
spread out for a low-rank approximation, passing the decoder’s input features
through a VAE bottleneck can restore tractability. Across DPT, DINOv2, CLIP, and
VGGT backbones, κcap(r) predicts which learned-metric architectures are viable.
The importance head reaches Spearman ρ = 0.998 on DINOv2 CLS, and our
geometric token pruning reduces the additional depth error of ToMe-based token
selection by 25% on DPT depth at prune ratio 0.5, without fine-tuning the ViT. The
code will be released at https://github.com/abond19/TaskInducedViTs/.

1 Introduction

Vision Transformer [1, 2] feature representations are commonly compared using Euclidean distance
or cosine similarity. This is convenient, but it assumes that all directions in feature space are equally
relevant. Downstream decoders rarely behave this way. A change in a ViT feature may strongly affect
a depth map, a class embedding, or a camera-pose estimate in some directions, while changes of
similar Euclidean size in other directions may have almost no effect. Thus, the similarity that matters
for a task is not simply “are these features close?”, but rather “do these features induce similar task
outputs?”
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The decoder itself defines such a task-induced local geometry. Let F ∈ RN×D be a ViT feature map
at some layer and let ϕ be a downstream decoder (with an optional task-specific distance) such as
DPT for depth, the CLS embedding used for classification, or VGGT for camera pose. If J(F ) is
the Jacobian of the decoder’s output with respect to F , then v⊤J(F )⊤J(F )v = ∥J(F )v∥2 measures
how much the task output changes when F is perturbed infinitesimally in direction v. The pullback
metric J(F )⊤J(F ) therefore tells us which feature directions the decoder is sensitive to and which it
nearly ignores. It is a local, first-order object, so it says nothing about two distant feature maps. The
corresponding global notion is the geodesic distance under this metric, which we only approximate
(Appendix K).

Storing this metric is infeasible at ViT scale, since J⊤J has O(N2D2) ≈ 4 × 1010 entries for a
ViT-B/14 feature map. The Jacobian J ∈ RM×ND can be formed for small outputs, such as a
9-dimensional camera pose. For dense outputs such as a depth map (M ≈ 5× 104), J has ∼ 1010

entries, and only its products with vectors are practical. This raises two questions. Is the task
sensitivity concentrated enough that a low-rank metric can capture it? If so, can we learn it in a form
that is useful at inference time, without needing backpropagation or iterative algorithms?

We make three contributions.

(1) A tractability diagnostic. We introduce a scalar κcap(r) ∈ [0, 1], measuring the fraction of
decoder sensitivity captured by the top-r singular directions of J . A second measurement, the
coefficient of variation (CV) of the singular values, tells whether these directions are concentrated
on a few tokens or spread across many. Both are computed offline with matrix-free Jacobian-vector
products. We provide three theoretical results supporting our claims: a ceiling on the sensitivity that
any rank-r restriction of the metric retains (Theorem 1), a bound showing when per-token scoring is
uninformative (Theorem 2), and a convergence rate for power iteration (Theorem 3). The first and
third adapt classical results to our setting.

(2) A learned low-rank metric and its distillation. The Spectral Pullback Network (SPN) predicts a
low-rank factorization of the task-induced metric from ViT features and is trained with supervision
from randomized power iteration. For applications that only need token importance, we distill [3] it
into a small (∼310K-parameter) importance head that predicts per-token scores from features alone.
When no low-rank approximation is adequate in feature space, a VAE bottleneck [4] on the features
the decoder reads makes one possible again.

(3) Geometric token pruning. For CLS-based decoders, we replace cosine-based token merging
with a task-sensitive merge rule. For dense decoders, we combine hard pruning with a standard
Last-Layer Fusion [5] step that re-attaches pruned tokens before decoding. A first-order error bound
guides both (Theorem 4).

Empirically, the diagnostic separates the backbone–decoder pairs we evaluate into four regimes
(depending on the κcap and CV) that predict which architecture is appropriate. On DINOv2 CLS,
the importance head reaches Spearman ρ = 0.998 with its Jacobian-derived target. On DPT depth,
geometric pruning reduces the additional error of ToMe-based token selection by 25% at prune ratio
0.50, while ToMe remains competitive at the lowest ratios (Table 2). These results suggest that
learning which directions matter can be as valuable as learning better features.

2 Related Work

Metric learning and pullback geometry. Classical metric learning fits a Mahalanobis metric
from pairwise constraints [6, 7] or contrastive embeddings [8]. Neural methods either output an
SPD matrix directly [9, 10], sometimes only at keypoints [11, 12], which needs O(d2) memory and
is prohibitive at d = ND, or recover the metric implicitly, for example as a pullback through a
learned map [13]. Pullback metrics are also used to study the latent spaces of generative models
[13, 14, 15]. Our g = J⊤J is the Gauss–Newton form of the Fisher metric of the decoder output
[16, 17], estimated on a frozen ViT feature space rather than over model parameters or a generative
latent space. The SPN represents it implicitly through its leading eigenspace.

Token importance in ViTs. Prior analyses use input-gradient saliency, attention aggregated across
layers [18], or attention weights and entropies [19] as proxies for token importance. We instead
differentiate a probe map with respect to intermediate features and study the full pullback J⊤J .
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Figure 1: The task-induced pullback metric and how we use it. A ViT feature map F ℓ ∈ RN×D

at probe layer ℓ passes through the remaining ViT layers and a task decoder ϕ (optionally followed
by a task metric δ), composing into the probe map ψℓ : RN×D → RM . Its Jacobian Jψℓ

∈ RM×ND

defines the pullback metric g(F ℓ) = J⊤J ∈ RND×ND, accessed only via JVP/VJP at O(m+ rq)
cost. Rapid singular-value decay indicates that a rank-r truncation can capture most of the task
sensitivity.

Large attention or gradient magnitude does not by itself separate task-sensitive from task-insensitive
directions.
Token pruning and merging. ToMe [20] merges redundant tokens by cosine similarity with
bipartite matching. DynamicViT [21], A-ViT [22], and EViT [23] discard tokens using learned or
attention-derived scores, and Token Cropr [5] trains a scoring head end-to-end against task losses.
DynamicViT, A-ViT, and Token Cropr fine-tune the backbone, whereas we keep the backbone–
decoder pair frozen, so they are not direct comparisons in our setting. None of these methods
measures token similarity with the decoder-induced geometry, which we do (Eq. 19), and we add
theorems on when per-token scoring can succeed (Theorems 2 and 4).

3 Background and Problem Formulation

Problem formulation. At layer ℓ, a ViT produces features F ℓ ∈ RN×D (N = 257, D = 768 for
ViT-B/14 at 224×224). A task decoder ϕ takes one or more feature layers and produces a vectorized
output in RM , for example a DPT depth map [24] (M ∼ 50,000), the final-layer CLS embedding
itself (M = D = 768, with no classification head), or a VGGT camera pose (M = 9: translation,
quaternion, and field of view). For a probe layer ℓ, the probe map ψℓ composes the remaining ViT
layers with the decoder,

ψℓ(F
ℓ) = ϕ

(
F ℓ+1, . . . , FL

)
∈ RM . (1)

Its Jacobian Jψℓ
(F ℓ) ∈ RM×ND defines the pullback metric on the feature space,

g(F ℓ) = Jψℓ
(F ℓ)⊤Jψℓ

(F ℓ) ∈ RND×ND. (2)

For a perturbation v ∈ RND, v⊤g(F ℓ)v = ∥Jψℓ
v∥2 is the squared change in the decoder output, so

large values mark task-sensitive directions. A task distance δ on the output (scale-invariant log error,
cosine, LPIPS [25], etc.) can be composed with the probe map, which we suppress in the notation.
Appendix A reviews the Riemannian background [26].

What kind of metric is g? g is the pullback of the Euclidean output metric along ψℓ. Since
M ≪ ND for every decoder we consider, g is positive semidefinite, i.e. a degenerate (singular)
metric [27], or equivalently a feature-to-output sensitivity form on the ambient feature space. Its
kernel is the set of feature perturbations the decoder ignores. We make no manifold/sub-manifold
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assumptions on the features and use no tangent spaces. We claim only that the top-r eigendirections
are the ambient directions of greatest decoder sensitivity. Our results (Theorems 1–4) are stated for
this PSD form, and the metric deployed at inference (Eq. 5) adds an isotropic floor ε > 0 that makes
it positive definite.

Choice of output metric. The Euclidean output metric J⊤J is a modeling choice. For any positive-
definite output metric H = LL⊤, the pullback J⊤HJ = (LJ)⊤(LJ) is the Euclidean pullback
of the decoder followed by L, so all our methods apply with J replaced by LJ . To validate this,
on the VGGT camera head, an SO(3)-aware H leaves tractability unchanged (κcap = 0.99 under
both) and the token importance nearly unchanged (Spearman ρ = 0.995 between the two rankings,
Appendix A.4). We thus use the Euclidean metric in the rest of the paper.

4 When is Metric Learning Tractable?

Before approximating or training anything, we want to know whether a rank-r metric (for some fixed
choice of r) can represent the task sensitivity of a given backbone–decoder pair, and whether that
sensitivity is concentrated on a few tokens, or diffuse. We now introduce two cheap measurements
that answer these questions, and provide the relevant theory.

4.1 Captured Energy, Effective Rank, and Spatial Concentration

A rank-r pullback metric is most useful when its top-r directions account for most of the task
sensitivity. We measure this with the captured energy fraction

κcap(r) =

∑r
j=1 σ

2
j

∥J∥2F
∈ [0, 1], (3)

where σj is the j-th largest singular value of J . By Theorem 1, κcap(r) is the quality of the best
rank-r metric and an upper bound on the sensitivity that any restriction of g to an r-dimensional
subspace can retain. We also use the entropic effective rank reff(J) = exp(H), computed from the
spectral entropy H of the normalized squared singular values. Both ∥J∥2F and H are estimated
without forming J , using Hutchinson’s estimator [28] and Stochastic Lanczos Quadrature [29]. The
top-r singular vectors are recovered by q rounds of randomized power iteration [30, 31]. Together
these give the diagnostic in Algorithm 1 (Appendix B) at a cost of O(m+ rq) JVP/VJP pairs, about
140 at our defaults m = 100, r = 20, q = 2.

The recovered top-r right singular vectors v1, . . . , vr also reveal which of the tokens of the feature
map carry the task-sensitive directions. Splitting each vj ∈ RND into N token blocks v(t)j ∈ RD
for t = 1, . . . , N , we measure how unevenly the energy of vj is distributed across tokens via the
coefficient of variation

CV =
1

r

r∑
j=1

stdt

(
∥v(t)j ∥2

)
meant

(
∥v(t)j ∥2

) . (4)

Low CV (≈ 0) means that the recovered singular vectors put roughly equal mass on every token. This
is the delocalized regime, where Theorem 2 shows that per-token scoring becomes uninformative.
Higher CV means that the energy is concentrated on fewer tokens, and per-token scorers are then
viable. CV therefore provides a way to predict whether a per-token architecture will work before one
is trained.

4.2 Structural Characterization of Tractability

Informal Theorem 1 (Captured Sensitivity Ceiling). Consider the rank-r approximation formed
from the top-r singular directions of J(F ), together with an isotropic floor ϵI . Among approximations
of this form, the top-r eigenspace gives the minimum Frobenius error. Moreover, as ϵ → 0, the
expected sensitivity captured by this approximation is exactly κcap(r). Thus, κcap(r) is the largest
fraction of the expected task sensitivity that can be retained by restricting g to an r-dimensional
subspace.
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Informal Theorem 2 (Impossibility of Factored Metrics). A factored (per-token) metric is one that
scores each token independently and combines the per-token scores additively, with no cross-token
interaction. If a unit task-sensitive direction v∗ is ζ-delocalized (each token block has squared norm
in [(1− ζ)/N, (1 + ζ)/N ]), then in expectation over the feature distribution, every factored metric
assigns nearly the same sensitivity to v∗ as to a uniformly random direction, up to relative error
ζ. The bound scales linearly with ζ, so near-delocalized directions leave a factored scorer with
proportionally little signal. (Proof: Appendix C, Theorem 2.)

Remark. The amount of delocalization matters in practice. In §5.4 we train a small network, the
importance head, to predict one score per token: how strongly that token’s features contribute
to the top-r singular directions of J , weighted by the singular values (Eq. 6). On DINOv2 CLS
L10 (CV ≈ 4.06), its predictions match this target almost perfectly (Spearman ρ = 0.998). On
delocalized DPT depth (CV ≈ 0.026 at the L02 and L10 probes of Table 1), the same network,
reaches only ρ ≈ 0.20. Trained instead to predict each token’s full Jacobian norm ∥J:,t∥F , it reaches
only ρ ≈ 0.09 (Appendix F). This is the weakness of per-token scoring that Theorem 2 predicts.

Informal Theorem 3 (Convergence–Tractability). Run q rounds of block power iteration on J⊤J
[30, 31], starting from a Gaussian random sketch with r0 ≥ r columns. With high probability
over the sketch, the resulting subspace approximates the true rank-r task-sensitive subspace with
subspace-alignment defect ≤ C · (σr+1/σr)

2q , where C depends on the sketch but not on q. This is a
geometric convergence rate in q, not a tight finite-q guarantee. The constant C grows as O(ND r0)
and can be very large, so the bound alone does not tell us how many iterations suffice. In practice we
increase q until the recovered subspace stabilizes. Flat spectra need more iterations (q ≈ 15 in our
experiments). (Proof: Appendix C, Theorem 3.)

4.3 Regime Taxonomy

We apply this analysis (written fully as Algorithm 1 in the Appendix) to six backbone–decoder–
probe-layer combinations spanning DPT depth [32], DINOv2 [33], and VGGT [34]. An analogous
CLIP CLS measurement appears in Appendix G. Table 1 reports κcap(20), the per-token CV, and the
full-spectrum effective rank rSLQ

eff . The results fall into four distinct regimes.

Table 1: Tractability diagnostic (r=20, m=100,
q=2, 50 images). Layer indices give the probe
layer, (1-tap) marks a single-tap Depth Anything
V2 (DA V2) probe, and (full) marks the full-
resolution VGGT depth output. VGGT’s depth
head is also DPT-style, so we name each row by its
backbone. Output dimensions are M ≈ 5 × 104

for both depth decoders, 768 for CLS, 9 for camera,
and 192 for pointcloud (64 subsampled points). For
the two VGGT dense rows, κcap(20) is measured
at the listed probe layer and rSLQ

eff at the input to
VGGT’s heads (App. E.1). CV is N/A for VGGT
camera (rank-9 output). The last column gives the
regime of §4.3.

Config κcap(20) CV rSLQ
eff Regime

DA V2 depth (DPT), L02 95.6% 0.026 34 (ii)
DA V2 depth (DPT), L10 (1-tap) 96.6% 0.026 20 (ii)
DINOv2 CLS, L10 33.4% 4.06 261 (iii)
VGGT camera, L16 ≈ 100% N/A 9 (iv)
VGGT pointcloud, L08 96.6% 0.59 212 (i)
VGGT depth, L16 (full) 76.2% 0.63 282 (i)

Four regimes. The six rows fall into four
cases, listed in the last column of Table 1, and
each calls for a different architecture.

(i) Rich spectrum. The two dense VGGT heads,
depth and pointcloud, have effective ranks that
exceed any practical rank budget by an order of
magnitude, so no rank-r metric captures most
of the task sensitivity. The VAE pathway of §6
addresses this regime and brings the effective
rank down to [30, 53] for VGGT depth.

(ii) Low rank, delocalized. The two Depth Any-
thing V2 probes, which read the same DPT de-
coder at layers 2 and 10, fit within the rank
budget, but their task-sensitive directions are
spread evenly over tokens. By Theorem 2 a per-
token metric cannot represent them, so learning
the full metric needs cross-token attention (the
SPN, §5.2). Per-token scores remain usable for
pruning but are weak (ρ ≈ 0.20), which is why
dense pruning also relies on Last-Layer Fusion
and multi-stage schedules (§7).

(iii) Marginal κ, high CV. The DINOv2 CLS Ja-
cobian has a rich spectrum, so a rank-20 metric
captures only a third of the task sensitivity. The regime is still workable because the concentration is
spatial rather than spectral: a few tokens carry the task-sensitive directions, so per-token scoring is
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viable even though a faithful low-rank metric is out of reach. The importance head reaches ρ = 0.998
here, and CLIP CLS behaves similarly (Appendix G).

(iv) Structurally rank-bounded. The VGGT camera head outputs M = 9 scalars per view, so
rank(J) ≤ 9 < r and κcap(20) ≈ 100% follows from the rank bound rather than from spectral
concentration. This makes it a controlled setting for evaluating the SPN.

Two further observations hold across the rows. An offline check confirms the convergence rate of
Theorem 3: two power-iteration steps suffice where the spectral gap is large, and flatter spectra need
more (Appendix C). A decoder that reads several feature layers is not intractable in itself, and stays
tractable when those layers are close together (Appendix E.1).

5 Learning the Task-Induced Metric

When the diagnostic indicates that a rank-r metric is a meaningful target, we want a network that
predicts it from features alone, so that the decoder’s Jacobian is not needed at inference (as this would
first require producing the output and applying backprop, losing all possible gains). We first see why
simple supervision does not work, then introduce the SPN and its training procedure, and describe
the small importance head used for token pruning.

5.1 Why Naive Supervision Fails

When trying to train a model to predict the metrics from features alone, there are several natural ideas.
Distance matching, which fits ∥fθ(F1) − fθ(F2)∥ to δ(ϕ(F1), ϕ(F2)), constrains only the values
and not the derivatives, and thus leaves the pullback metric free up to a rotation of the embedding’s
Jacobian. Random-direction regression, which fits ∥Jv∥2 on unit vectors v, fails because a uniform
v ∈ RND overlaps the rank-r subspace with probability r/ND ≈ 10−5, so the signal is dominated
by directions the metric does not model. Theorem 3 motivates power iteration instead. Each step
on J⊤J amplifies the alignment with the task-sensitive subspace, so q steps will make the JVP/VJP
results into a usable supervision signal.

5.2 The Spectral Pullback Network (SPN)

We parametrize the rank-r pullback metric as a neural network gθ that takes probe-layer features F
and returns a symmetric positive-definite matrix in spectral (eigen-decomposition) form:

v⊤gθ(F )v =

r∑
j=1

λj(F ; θ)︸ ︷︷ ︸
learned

(
uj(F ; θ)︸ ︷︷ ︸

learned

⊤v
)2

+ ε︸︷︷︸
fixed

∥v∥2, U(F ; θ)⊤U(F ; θ) = Ir. (5)

The r mode vectors uj(F ; θ) ∈ RND are the columns of U ∈ RND×r, which is constrained to be
orthonormal. They are the network’s estimates of the top-r right singular vectors vj of J(F ), and
the energies λj(F ; θ) > 0 predict the squared singular values σ2

j . Both depend on the input features
F and the trainable parameters θ. The constant ε > 0 is a fixed regularizer that keeps gθ positive
definite at inference, and is required for the Woodbury product below. Because this floor is isotropic,
it does not change the informative rank-r eigenspace or the importance scores. The captured-energy
and Eckart–Young statements of Theorem 1 therefore concern the structured part (the ε→ 0 limit),
not the full-rank version. When uj → vj and λj → σ2

j , the SPN recovers the rank-r-plus-isotropic
metric of Theorem 1.
Architecture. The network maps F through a linear projection (D → H), two pre-norm multi-head
attention blocks, and a per-token projection of Dr coordinates, which are reshaped to ND × r and
QR-orthonormalized into U(F ; θ). The energy network is a global pool, an MLP, and a Softplus, and
it produces the r positive energies λ(F ; θ). At inference, the product gθ(F ) v = εv+U(λ⊙ (U⊤v))
costs O(NDr) rather than O((ND)2). Per-token importance is available in closed form, impθ(t) =√∑

j λj ∥u
(t)
j ∥2, where u(t)j ∈ RD denotes the t-th token block of uj .

Cross-token attention is necessary in the delocalized regime. When the singular vectors are spread
evenly across tokens (low CV), computing u⊤j v =

∑
t u

(t)⊤
j v(t) requires summing contributions

from all N tokens, which per-token architectures cannot do. Theorem 2 formalizes this failure mode.
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5.3 RandNLA Training

The SPN obtains supervision from power iteration using Jacobian-vector and vector-Jacobian products,
without explicitly forming J . At each training step we sample a Gaussian matrix Ω ∈ RND×r0 with
r0 ≥ r. We apply q rounds of power iteration Ω← J⊤(JΩ), using alternating JVP and VJP calls and
re-orthonormalizing between rounds [35], and take the first r columns as the target mode matrix V̂r.
By Theorem 3, V̂r converges exponentially to the true top-r task-sensitive subspace as q grows. The
training loss has two parts. The first is a Grassmannian subspace loss Lsub = 1− 1

r∥U(F ; θ)⊤V̂r∥2F ,
which measures the angle between the predicted and target subspaces and does not depend on the
order of the modes. The second is an energy regression Len = MSE(log λ(F ; θ), log Ŝ2) on the
empirical squared norms Ŝ2

j = ∥Jv̂j∥2 (Algorithm 2, Appendix B). When two adjacent singular
values are nearly degenerate (σj/σj+1 < 1.05), the modes can swap between images, so we exclude
such modes from Len for that image. The subspace loss is unaffected by this, though. If the SPN fits
these targets exactly, its sensitivity ratio converges to the ceiling κcap(r) as q grows (Corollary 1). In
practice a single network shared across images does not fit every image exactly (Appendix J).

5.4 Importance Head and Inference-Time Distillation

Applications that only need a per-token importance score, such as token pruning (§7), do not need
the SPN at inference time. The importance head hθ : RN×D → RN is a small network (∼310K
parameters) that predicts one scalar per token directly from F , with no Jacobian access and no SPN
call at inference. Its target is the exact (Jacobian-derived) importance

imp∗(F )t =

√√√√ r∑
j=1

σ2
j

∥∥v(t)j ∥∥2
2
, (6)

to which the SPN’s impθ(t) =
√∑

j λj∥u
(t)
j ∥2 converges as uj → vj and λj → σ2

j . Since
imp∗(F ) depends only on the top-r pairs {(σj , vj)}, which a per-image randomized SVD recovers
(Algorithm 2), we train hθ from cached targets without instantiating the SPN (although the SPN can
also be used). The σ2-weighted top-r projection keeps spatial signal even when the plain block norm
∥J:,t∥F becomes uniform across tokens (Theorem 2, with the ablation in Appendix F).
Architecture and training. The head is one cross-token MHA block (4 heads), a per-token MLP,
and a Softplus output, with loss

L(θ) = EF
[∥∥ log hθ(F )− log imp∗(F )

∥∥2]+ wrank Lrank(hθ(F ), imp∗(F )) , wrank = 0.5. (7)

The ranking term reflects that pruning depends on token ordering, not absolute scale. Theorem 4
motivates the target: with uniform residuals, the best pruning set removes the tokens with the smallest
Jacobian block norms (Corollary 3). imp∗ keeps the top-r part of these block norms for the probe-map
Jacobian at the prune layer, which we use as a computable proxy for the decoder Jacobian at the final
layer that appears in the bound.

5.5 Empirical Validation

On DINOv2 CLS L10, the importance head trained on 2,000 ImageNet-val [36] images reaches
Spearman ρ = 0.998± 0.001 against the target imp∗. Here ρ is the rank correlation over the tokens
of each image, averaged over a 200-image held-out set. The head costs a small fraction of a backbone
forward pass. The σ2-weighted target is essential, as replacing it with plain block norms lowers ρ
to ≈ 0.09 on DPT, predicted by Theorem 2 (ablation in Appendix F). The SPN itself reaches the
deterministic supervision ceiling at the cheapest training setting on the VAE-compressed VGGT
depth pipeline (§6, Appendix J).

Why not learn token sensitivity directly? A simpler alternative is to directly train on per-token
sensitivity, i.e. the plain Jacobian block norms ∥J:,t∥F , without the spectral construction. This is the
ablation above. On DPT depth it reaches ρ ≈ 0.09, against ρ ≈ 0.20 for the σ2-weighted top-r target,
which can only be computed through the spectral construction. Where sensitivity is concentrated on
a few tokens (high CV), a directly trained head can be enough. Where it is delocalized, the spectral
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target gives the head a signal it can learn. The SPN also provides more than a score per token, because
its rank-r factors define a task-induced quadratic form on whole feature maps, and has many other
potential applications.

6 Extending to Intractable Settings via VAE Compression

This section handles the case where the diagnostic rules out a low-rank metric because the task
sensitivity is spread over far more directions than any practical rank. Dense decoders for depth, point
clouds, or image reconstruction produce outputs in RM with M in the tens of thousands. When the
resulting Jacobian’s effective rank exceeds the rank budget by an order of magnitude, no rank-r SPN
can be a faithful approximation in the original feature space. This is the case for VGGT depth and
pointcloud, whose effective ranks at the input to VGGT’s heads are 282 and 212 (regime (i) of §4.3).
A rank-r approximation becomes adequate if all task-relevant information is forced through a narrow
bottleneck. We do this with a pretrained variational autoencoder (VAE) on the features that the task
heads read. For VGGT, let xvis be the concatenated patch tokens of the four layers read by the heads
(layers 4, 11, 17, 23). The VAE encoder E maps xvis to a latent z ∈ RM ′

made of 32 register tokens
of dimension 128 (M ′ = 4096). Its decoder G reconstructs the features, and the frozen task head
reads the reconstruction,

ψ̃(xvis) = ϕ
(
G(E(xvis))

)
∈ RM . (8)

Every path from the features to the output passes through z, so rank(Jψ̃) ≤M ′ however large M is.
Empirically, the compression moves the effective spectrum into the tractable regime. VGGT depth
probed at xvis has rSLQ

eff = 282 (regime i). With the VAE bottleneck in place, rSLQ
eff ∈ [30, 53] and

r0.90 ≈ 40 across our test configurations, a ≈ 6× reduction that places the compressed metric in
regime (ii). The same compression applies to VGGT pointcloud (rSLQ

eff = 212 at xvis). To train an SPN
we probe directly at the latent. The map z 7→ ϕ(G(z)) has a Jacobian with only M ′ columns, so its
right singular vectors live in RM ′

and exact SVD targets are cheap to compute. In all our experiments
we use the S2-VAE [4] with power-spherical bottlenecks [37], which reaches a depth-reconstruction
quality of δ1 ≈ 0.99 on VGGT depth.
Approximation induced by VAE compression. The compressed pullback gψ̃ is the pullback
of the task metric through the VAE-reconstructed features, not through the original ones, so the
metric we learn here is not literally g but an approximation of it. When the VAE reconstructs the
task-relevant content of the features well, the two pullbacks are expected to agree approximately in
the task-sensitive directions.
Experimental validation. On the VAE-compressed VGGT depth pipeline, probing at the latent z,
RandNLA with a single power-iteration step (q = 1) reaches a subspace alignment of V1 = 0.713
with the true rank-r task-sensitive subspace. This essentially matches the deterministic supervision
ceiling of V1 = 0.710, which is the best this network reaches when given exact SVD targets at every
step. A randomly initialized network has V1 = 0.005, so the gap between the random and trained
models reflects learned task geometry. The saturation at the cheapest setting, q = 1, is consistent
with Theorem 3, which predicts fast convergence when the spectral gap is large. It supports both the
VAE pathway and the RandNLA algorithm. Appendix J gives the full setup and ablations.

7 Token Merging and Pruning via Geometric Importance

We now use the importance head to remove or merge tokens in a frozen ViT while keeping the
decoder’s output close to the unpruned one. The prune ratio η is the fraction of patch tokens removed
or merged. Let FL and F̂ be the final-layer features without and with pruning, let T be the set
of removed tokens, and let ρt be the part of token t’s feature update that is lost after correction
(Appendix D). With J:,t(F̂ ) the block of the decoder Jacobian for token t and β a bound on the
decoder’s Hessian, a Taylor expansion (Theorem 4) gives∥∥ϕ(FL)− ϕ(F̂ )∥∥

2
≤

∑
t∈T

∥∥J:,t(F̂ )∥∥F︸ ︷︷ ︸
token importance

∥ρt∥2︸ ︷︷ ︸
residual

+ β
2

∑
t∈T
∥ρt∥22. (9)

The first term is small when the removed tokens have low task sensitivity, which is what the importance
head targets. The second term depends on how much of the removed tokens’ content is recovered.
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Table 2: Token pruning vs. baselines, ImageNet-val @ 224 (mean ± std, 3 seeds; lower is better).
Bold marks the best method per column. Importance outperforms ToMe at every ratio for CLS and at
η ≥ 0.2 for DPT.

Method η=0.05 0.10 0.15 0.20 0.30 0.40 0.50

CLS cosine-distance degradation (×100), DINOv2-B/14
Random 0.17 ±0.03 0.36 ±0.05 0.60 ±0.08 0.86 ±0.09 1.49 ±0.14 2.31 ±0.22 3.44 ±0.31
ToMe score 0.67 ±0.11 0.78 ±0.07 0.95 ±0.07 1.12 ±0.11 1.75 ±0.13 2.56 ±0.25 3.82 ±0.42
Importance 0.001 ±0.000 0.007 ±0.001 0.024 ±0.002 0.060 ±0.005 0.25 ±0.03 0.80 ±0.09 2.09 ±0.13

DPT additional SILog (×100), Depth-Anything V2 single-stage [4]
Random 4.59 ±0.09 3.70 ±0.10 3.31 ±0.14 3.19 ±0.19 3.16 ±0.17 3.20 ±0.15 3.29 ±0.18
ToMe score 4.29 ±0.07 3.66 ±0.09 3.51 ±0.17 3.50 ±0.10 3.52 ±0.13 3.67 ±0.13 4.09 ±0.13
Importance 4.88 ±0.06 4.86 ±0.07 3.85 ±0.11 3.28 ±0.15 3.02 ±0.16 3.01 ±0.16 3.08 ±0.15

7.1 CLS Decoders: Soft Merge

A CLS decoder reads only the CLS token and is invariant to permutations of the other tokens, so
tokens can be merged instead of removed. We follow ToMe [20]. The ηN tokens with the lowest
importance scores are each merged into their nearest remaining token, with importance-weighted
averaging. We replace ToMe’s cosine similarity with the rank-r pullback metric restricted to a single
token (Eq. 19, Appendix D). In our experiments this distance uses a per-image SVD of J , so the
matching step needs Jacobian access. All CLS strategies share this matching step and differ only in
which tokens they merge.

7.2 Dense Decoders: Hard Prune + Last-Layer Fusion

Dense decoders such as DPT [24] reassemble the tokens into a 2D map, which merging corrupts. We
instead hard-prune the lowest-importance tokens at layer ℓ, freeze their features, and re-insert them
at their original positions wherever the decoder reads. The frozen features miss the updates of the
later layers. Last-Layer Fusion (LLF) reduces this drift. It re-inserts the pruned tokens before the
final ViT block and runs that block on the full sequence, so they attend to the updated kept tokens.
LLF adds no parameters. All dense strategies (Random, ToMe score, and Importance) share this
pipeline and differ only in which tokens they remove. We report the additional scale-invariant log
error (SILog, ×100) relative to the unpruned prediction.

7.3 Results

Table 2 shows the two settings. On DINOv2 CLS, importance-guided merging has the lowest
degradation at every ratio, and at low ratios it is more than an order of magnitude below ToMe scoring.
On DPT depth, importance reduces the additional error of ToMe scoring by 25% at η = 0.50 but loses
at the lowest ratios. The CLS result carries over to CLIP and to ImageNet-Sketch, and importance also
beats frozen-backbone baselines such as EViT (Appendices G and H). ImageNet top-1 accuracy stays
between 0.66 and 0.68 for every method and ratio (0.674 unpruned). For dense depth, the 2-stage [4,
8] schedule beats ToMe scoring at every ratio and resolution on NYU-Depth-V2, by 25–35%, while
single-stage results depend on the dataset. Pruning removes 12.1% of the backbone’s theoretical
FLOPs at η = 0.20, but a wall-clock speedup appears only at 448 × 448 (1.12×). Appendix D
discusses when importance-guided pruning wins, a non-monotone trend in Table 2, and cost.

8 Conclusion
Whether a ViT decoder admits a faithful low-rank pullback metric is a structural property of the
(backbone, decoder, probe-layer) triple, not a hyperparameter choice. The matrix-free diagnostic
κcap(r) measures it with O(m + rq) Jacobian-vector products. When the diagnostic supports a
rank-r metric, the SPN learns it with randomized power iteration, and a 310K-parameter importance
head distills it into a feature-only signal for token pruning. When a low-rank metric is inadequate,
VAE compression can restore tractability (§6). Running Algorithm 1 on a new pair gives its regime,
and hence the architecture to use, before any metric is trained.

Limitations and future work. Dense pruning depends on the configuration and dataset, wall-clock
gains appear only at higher resolution, and the CLS merge step uses the exact Jacobian SVD in our
experiments. Appendices M and O give the full limitations and future directions.
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A Riemannian Geometry

We collect the Riemannian-geometry background used in the main text, in enough depth that a
reader with basic linear algebra and calculus can follow the proofs in Appendix C. A more thorough
treatment can be found in [26] or any standard text on differential geometry.

A.1 Smooth Manifolds and Tangent Spaces

A smooth manifoldM of dimension d is a Hausdorff topological space equipped with an atlas of
charts {(Uα, φα)}, where each Uα ⊆ M is open and each φα : Uα → Rd is a homeomorphism,
such that the transition maps φβ ◦φ−1

α are smooth wherever defined. Familiar examples are Rn itself,
the n-sphere Sn, and matrix groups such as SO(n). In our setting, the manifold of interest is the ViT
feature space at probe layer ℓ, taken as the open set RN×D with the global chart φ(F ℓ) = vec(F ℓ).

At each point p ∈M, the tangent space TpM is a d-dimensional real vector space whose elements
are derivations of smooth real-valued functions at p. Concretely, an element v ∈ TpM is the
velocity γ̇(0) of some smooth curve γ : (−ε, ε) → M with γ(0) = p. Two curves give the same
tangent vector iff they have the same first-order Taylor expansion in any chart. The disjoint union
TM =

⊔
p TpM is itself a smooth manifold, the tangent bundle.

A smooth map ϕ : M → N between manifolds induces a differential (or pushforward) at each
p, dϕp : TpM → Tϕ(p)N , defined by dϕp(v) = ˙(ϕ ◦ γ)(0) for any curve γ with γ̇(0) = v. In
coordinates this is the Jacobian matrix.

A.2 Riemannian Metrics, Lengths, and Geodesics

A Riemannian metric g onM assigns to each p an inner product gp : TpM× TpM → R that
varies smoothly with p. In a chart (U,φ) with coordinates x1, . . . , xd, g is represented by a smoothly
varying symmetric positive-definite (SPD) matrix gij(p), with gp(u, v) =

∑
ij gij(p)u

ivj . We use
the same letter g for the metric and its coordinate matrix, g(F ) ∈ RND×ND in our case.

The metric defines an infinitesimal notion of length onM: a smooth curve γ : [0, 1] → M has
length

L(γ) =

∫ 1

0

√
gγ(t)

(
γ̇(t), γ̇(t)

)
dt. (10)

The Riemannian distance dg(p, q) between two points is then the infimum of L(γ) over piecewise-
smooth curves with γ(0) = p and γ(1) = q. This dg satisfies all metric-space axioms wheneverM
is connected and g is positive definite. If g is only positive semidefinite, as for the pullback metrics
below, dg is a pseudometric, meaning that distinct points can be at distance zero.

A geodesic is a critical point of L in the calculus-of-variations sense. Equivalently, it satisfies the
Euler–Lagrange (geodesic) equation

γ̈ k + Γkij(γ) γ̇
iγ̇ j = 0, Γkij(p) = 1

2 g
kℓ(p)(∂igjℓ + ∂jgiℓ − ∂ℓgij)(p), (11)

where gkℓ is the inverse metric tensor and Γkij are the Christoffel symbols. Geodesics generalize
straight lines. In flat Rn with the Euclidean metric, Γkij ≡ 0 and the geodesic equation reduces to
γ̈ = 0.

The exponential map at p, expp : TpM→M, sends a tangent vector v to γv(1), where γv is the
unique geodesic with γv(0) = p and γ̇v(0) = v. On a sufficiently small neighbourhood, expp is a
diffeomorphism, and its inverse logp provides normal coordinates centred at p. In these coordinates
the metric looks Euclidean to first order, with gij(p) = δij and ∂kgij(p) = 0.

A.3 Pullback Metrics

The construction underlying our entire framework is the pullback metric. Given a smooth map
ϕ :M→ (N , h) from a manifold without a specified metric to a Riemannian manifold, the pullback
metric ϕ∗h onM is defined pointwise by

(ϕ∗h)p(u, v) = hϕ(p)(dϕp(u), dϕp(v)) , u, v ∈ TpM. (12)
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When ϕ is an immersion (i.e. dϕp has full column rank everywhere), ϕ∗h is positive definite and
therefore defines a Riemannian metric on M. When dϕp has a nontrivial kernel, ϕ∗h is only a
positive-semidefinite tensor, and its degenerate directions are exactly those that the map collapses.

In the Euclidean case, N = RM with the standard Euclidean metric. Writing ϕ in coordinates and
using J = Jϕ(p) ∈ RM×d for its Jacobian, the pullback metric is

(ϕ∗h)ij(p) =
∑
a

∂iϕ
a(p) ∂jϕ

a(p) =
[
J⊤J

]
ij
. (13)

A perturbation direction v gets length
√
v⊤J⊤Jv = ∥Jv∥2 under the pullback. Directions v ∈ kerJ

are collapsed to zero by ϕ and have zero pullback length, and directions aligned with the top right
singular vectors of J have the largest pullback length.

A.4 Specialisation to ViT Probe Maps

In our setting,M = RN×D is the feature space at probe layer ℓ, N = RM is the task-output space,
and the smooth map is the probe map ψℓ :M→N , which composes the remaining ViT layers, the
task decoder, and optionally the task metric. The pullback of the Euclidean metric on RM through ψℓ
is the ViT pullback metric of the main paper, g(F ) = Jψℓ

(F )⊤Jψℓ
(F ). Because M may be much

smaller than ND (e.g. M = 9 for VGGT camera pose, against ND ≈ 2× 105), Jψℓ
typically has

a nontrivial kernel, and g(F ) is positive semidefinite rather than strictly positive. The directions in
ker Jψℓ

are the feature-space perturbations that leave the task output unchanged to first order, i.e. the
directions the decoder ignores. We work on the ambient space RN×D with its global chart and make
no assumption that the features lie on a lower-dimensional submanifold.

Why a metric and not just a Jacobian. In principle, all of our diagnostics could be phrased
directly in terms of J . We work with the pullback g = J⊤J instead because (i) g lives intrinsically
on the feature space and is invariant to post-composition of ϕ with isometries of RM , (ii) its
eigendecomposition gives canonical directions and energies, and (iii) it makes the connection to
classical Riemannian metric learning explicit, allowing direct comparison with explicit-SPD methods
such as those of [9, 10]. The role of the rank-r approximation gr is then to truncate g to its most
informative directions while keeping it a (positive-semidefinite) metric tensor.

Singular metrics. Additionally, most properties we wish to use (local sensitivity, geodesic distance,
etc.) still hold for singular Riemannian metrics, with the caveat that moving in the direction of the
kernel at a given point doesn’t change anything about the output. For more information about singular
Riemannian geometry in the context of deep learning, see [27].

Choice of output metric. We have currently formulated everything in terms of the Euclidean output
metric J⊤J , rather than a generic pullback J⊤HJ . However, this is not required for our method. For
any positive-definite output metric H = LL⊤, the H-weighted pullback is J⊤HJ = (LJ)⊤(LJ),
which is the Euclidean pullback of the decoder post-composed with the fixed linear map L. The
diagnostic, SPN, and importance head therefore apply unchanged with J replaced byLJ , at the cost of
one extra matrix-vector product per JVP or VJP. For heterogeneous outputs such as camera pose, the
principled choice is a block H that respects the geometry of rotations and puts translation and rotation
on comparable scales. On the VGGT camera head we compared the Euclidean metric with such an
SO(3)-aware, block-scaled H . This H uses the linearized geodesic metric on rotations, removes
the non-physical quaternion-norm direction, and rescales translation and rotation to comparable
units. Under this new version, tractability remains unchanged (κcap = 0.99 under both), per-token
importance rankings correlate at Spearman ρ = 0.995, and the 50%-prune token sets agree on 97%
of tokens. We thus use the Euclidean metric in the rest of the paper, and leave exploration of H to
future work.

B Tractability Algorithms

We expand on the two estimators used in Algorithm 1: the Hutchinson trace estimator and Stochastic
Lanczos Quadrature (SLQ).
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B.1 Hutchinson Trace Estimator

For symmetric A ∈ Rn×n accessed only via matrix-vector products, the Hutchinson estimator is

T̂m = 1
m

m∑
i=1

z⊤i Azi, zi
iid∼ D, E[zi] = 0, E[ziz⊤i ] = I.

Then E[T̂m] = Tr(A) and Var(T̂m) = 1
m (E[z⊤Az]2 − Tr(A)2). For Rademacher probes (zi ∈

{±1}n iid), the variance is 2
m (∥A∥2F −

∑
iA

2
ii), which is smaller than for Gaussian probes by a factor

up to 2. For SPD matrices, Chernoff-type bounds give exponential concentration: Pr[|T̂m−Tr(A)| >
εTr(A)] ≤ 2 exp(−cmε2) for a constant c depending on the conditioning. We use m = 100
Rademacher probes throughout, giving relative error ≲ 5% in our experiments.

B.2 Stochastic Lanczos Quadrature (SLQ)

SLQ [29] computes Tr f(A) for analytic f via the identity Tr f(A) =
∑
i f(λi) =

∑
i e

⊤
i f(A)ei,

replacing the standard basis with random probes and approximating f(A)v by Lanczos-
tridiagonalisation. The convergence rate is exponential in the number of Lanczos steps k and
independent of the matrix dimension. We use k = 30 Lanczos steps with m = 100 probes for the
full-spectrum effective rank rSLQ

eff .

B.3 Numerical Verification

At m = 100, the per-image standard deviation of ̂κcap(20) is ≤ 0.02 across 50 ImageNet-val images
for all configurations in Table 1 (Appendix E gives the full sweep). The truncated effective rank rtrunc

eff
stabilizes within 1% at r = 20 and q = 2 for all proceed-decision configurations.

B.4 Algorithm Pseudocode

Algorithm 1 Hutchinson Tractability Diagnostic (referenced in §4)
Require: Backbone, decoder ϕ, probe layer ℓ, rank r, Hutchinson samples m, power-iteration steps

q
Ensure: κcap(r), rtrunc

eff , CV, decision
1: Build probe map ψℓ by composing blocks ℓ+1, . . . , L with ϕ (and optionally δ)
2: Wrap in JACOBIANOPERATOR J (JVP/VJP interface only)
3: S, V ← RANDOMIZEDSVD(J , r, q) ▷ O(rq) JVP+VJP pairs

4: ∥̂J∥2F ← 1
m

∑m
i=1 z

⊤
i J⊤J zi, zi ∼ RademacherND ▷ O(m) JVP+VJP pairs

5: κcap(r)←
∑
j S

2
j /∥̂J∥2F

6: rtrunc
eff ← exp

(
−∑

j p̃j log p̃j

)
, p̃j = S2

j /
∑
k S

2
k

7: CV← 1
r

∑
j stdt(∥Vj [t]∥2)/meant(∥Vj [t]∥2) return κcap(r)

C Proofs of Theorems

This appendix collects formal statements and proofs of the four results referenced in the main text:
the Captured Sensitivity Ceiling, Convergence of Power Iteration, the Token Pruning Error Bound,
and Impossibility of Factored Metrics.

C.1 Theorem 1: Captured Sensitivity Ceiling

Theorem 1 (Captured Sensitivity and Rank-r Approximations). Let J = UJΣV
⊤ with σ1 ≥ · · · ≥

σp ≥ 0, and define gr(F ) =
∑r
j=1 σ

2
j vjv

⊤
j + εI for ε ≥ 0. Among all approximations of the form

g̃ = Ũ Λ̃Ũ⊤ + εI with Ũ ∈ RND×r orthonormal and Λ̃ ≻ 0 diagonal, gr minimises ∥g(F )− g̃∥F
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Algorithm 2 RandNLA Training Step (referenced in §5.3)
Require: Probe map ψℓ, SPN gθ, rank r, oversample r0 ≥ r, power-iteration steps q, features F ,

energy weight α
1: Draw Ω ∈ RND×r0 i.i.d. N (0, 1)
2: for i = 1, . . . , q do
3: Ω← J⊤(J Ω) ▷ one VJP then one JVP per column; never form J
4: Ω← QR(Ω)
5: end for
6: V̂r ← leading r columns of Ω ▷ aligned with span(V ∗

r )

7: Ŝ2
j ← ∥J v̂j∥2 for j = 1, . . . , r ▷ natural energy estimates

8: Lsub ← 1− 1
r∥U(F ; θ)⊤V̂r∥2F ▷ Grassmannian subspace loss

9: Len ← MSE
(
log λ(F ; θ), log Ŝ2

)
10: Update θ on Lsub + αLen

in the limit ε → 0 (for fixed ε > 0 the minimizing energies are σ2
j − ε). When σr > σr+1, the

minimizing subspace span(V ∗
r ) is unique. Furthermore, for v ∼ Uniform(SND−1) and ε→ 0,

Ev[v⊤gr(F )v]
Ev[v⊤g(F )v]

= κcap(r) :=

∑r
j=1 σ

2
j

∥J∥2F
. (14)

No compression Pg(F )P of g onto an r-dimensional subspace (P a rank-r orthogonal projector)
achieves a larger ratio, so κcap(r) is both the quality of gr and the ceiling for any such rank-r
restriction. Both quantities defining κcap(r) can be computed to any accuracy using O(m + rq)
JVP/VJP pairs.

Proof. Frobenius optimality. g(F ) = J⊤J is PSD with eigenvalues σ2
j and eigenvectors vj . The

Eckart–Young–Mirsky theorem [38, 39] gives that the minimizing PSD rank-r approximation (ignor-
ing εI) is

∑r
j=1 σ

2
j vjv

⊤
j = gr. Uniqueness of the subspace follows from σ2

r > σ2
r+1.

Sensitivity ratio. For any symmetric A and v ∼ Uniform(SND−1), isotropy gives Ev[v⊤Av] =
Tr(A)/ND. Therefore Ev[v⊤g(F )v] = ∥J∥2F /ND and Ev[v⊤gr(F )v] = (

∑r
j=1 σ

2
j )/ND + ε.

Dividing and taking ε → 0 gives Equation 14. By Ky Fan’s maximum principle, Tr(Pg(F )P ) ≤∑r
j=1 σ

2
j for every rank-r orthogonal projector P , with equality for the projector onto span(V ∗

r ), so
no such restriction achieves a higher ratio. (Without this restriction the ratio is unbounded, since
scaling any g̃ scales its trace.)

Computability. The denominator ∥J∥2F = Tr(J⊤J) is estimated by Hutchinson’s estimator with m
Rademacher probes, T̂ = 1

m

∑
i z

⊤
i (J

⊤J)zi, with sub-Gaussian concentration error O(1/√m) [28].
The numerator

∑r
j=1 σ

2
j is obtained from a rank-r randomized SVD with q power-iteration steps

[30]. Each round costs r JVPs and r VJPs, for a total of O(rq) JVP/VJP pairs. The tail beyond rank
r contributes the remaining fraction 1− κcap(r) of the trace.

C.2 Theorem 2: Impossibility of Factored Metrics

Theorem 2 (Impossibility of Factored Metrics). A metric gF is factored if v⊤gF (F )v =∑N
t=1 φt(F )∥vt∥2 for some measurable φt : RN×D → R≥0. A unit vector v∗ ∈ RND is ζ-

delocalized if ∥v∗t ∥2 ∈ [(1 − ζ)/N, (1 + ζ)/N ] for all t. For any distribution P on RN×D with
0 < EP [φt(F )] <∞, any ζ-delocalized v∗, and vrand ∼ Uniform(SND−1) independent of F ∼ P ,∣∣∣∣ EF [v∗⊤gF (F )v∗]

EF [v⊤randgF (F )vrand]
− 1

∣∣∣∣ ≤ ζ. (15)

The bound is tight. It also holds when v∗ = v∗(F ) depends on F (as the singular vectors of J(F )
do), provided v∗(F ) is ζ-delocalized for every F .

Proof. We compute numerator and denominator separately. Tonelli’s theorem (applied to
non-negative measurable functions) lets us interchange expectations: E[v⊤randgF (F )vrand] =
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EFEvrand [v
⊤
randgF (F )vrand]. By isotropy of the uniform sphere, Evrand [∥vrand,t∥2] = D/(ND) = 1/N .

Therefore
EF [v⊤randgF (F )vrand] =

∑
t

1
NEF [φt] =: µ ∈ (0,∞).

For the numerator, since v∗ is fixed (non-random), EF [v∗⊤gF (F )v∗] =
∑
t ∥v∗t ∥2EF [φt]. Writing

δt := N∥v∗t ∥2 − 1 ∈ [−ζ, ζ] with
∑
t δt = 0 (since ∥v∗∥ = 1), we get EF [v∗⊤gF (F )v∗] =

µ + 1
N

∑
t δtEF [φt]. Bounding | 1N

∑
t δtEF [φt]| ≤ ζ

N

∑
t EF [φt] = ζµ and dividing by µ gives

Equation 15. Tightness: N = 2, ∥v∗1∥2 = (1 + ζ)/2, ∥v∗2∥2 = (1− ζ)/2, φ1 ≡ 1, φ2 ≡ 0 saturates
the bound. If v∗ depends on F , the same computation holds pointwise: δt(F ) ∈ [−ζ, ζ] and φt ≥ 0
give | 1N

∑
t EF [δt(F )φt(F )]| ≤ ζµ.

Remark on attention entropy. Heuristically, deeper ViT layers can have increasingly diffuse
attention, which pushes the right singular vectors of the probe-map Jacobian toward the perfectly
delocalized limit, where each token contributes ≈ 1/N . A formal argument would chain a first-order
Jacobian approximation through the attention weight matrices, a Perron–Frobenius characterization
of the dominant attention eigenvector, and a Davis–Kahan bound on the resulting singular-vector
delocalization. Each step requires regularity conditions that we do not state, so we use this connection
only as motivation, not as a rigorous claim.

C.3 Theorem 3: Convergence of Power Iteration

Theorem 3 (Convergence of Power Iteration). Assume σr > σr+1. Let Ω ∈ RND×r0 be a Gaussian
sketch and decompose Ω = V ∗

r A + V⊥B where A = (V ∗
r )

⊤Ω ∈ Rr×r0 and B = V ⊤
⊥ Ω ∈

R(ND−r)×r0 . Let V̂ (q)
r denote the QR-orthonormalised image after q rounds of Mq = (J⊤J)q

applied to Ω. Then with probability ≥ 1− δ over the sketch,

ε(q) := 1− 1
r

∥∥(V̂ (q)
r )⊤V ∗

r

∥∥2
F
≤ ∥B∥2F

σmin(A)2 r

(
σr+1

σr

)2q

, (16)

where σmin(A) ≥ cδ > 0 depends only on r, r0, δ and ∥B∥F ≤ CB = O(
√
ND · r0) each hold

with probability ≥ 1− δ/2.

Proof sketch. The argument has three steps. (1) Random sketch structure. Since V ∗
r has orthonor-

mal columns, A and B are independent iid Gaussian matrices. Gaussian concentration bounds
σmin(A) from below [40], and ∥B∥2F ∼ χ2((ND − r)r0). (2) Power iteration. Applying
Mq = V ∗

r Σ
2q
r (V ∗

r )
⊤ + V⊥Σ

2q
⊥ V

⊤
⊥ to Ω gives a signal term in span(V ∗

r ) with Frobenius norm
≥ σ2q

r σmin(A)
√
r and a tail term in span(V⊥) with norm ≤ σ2q

r+1∥B∥F . (3) Davis–Kahan. The
Davis–Kahan theorem for invariant subspaces [41, 42] converts the ratio of the tail and signal Frobe-
nius norms into a bound on the principal angles between span(V̂

(q)
r ) and span(V ∗

r ), and squaring
gives Equation 16. The full proof, including the propagation through QR orthogonalization, follows
the structure of Halko, Martinsson, and Tropp [30], adapted to the subspace-alignment metric used
here.

Remark on the constant. The prefactor C(Ω) = ∥B∥2F /(σmin(A)
2 r) grows as O(ND r0) through

∥B∥2F , and σmin(A) is small unless the sketch is oversampled (r0 > r). At the small q used in
practice, C can therefore dominate (σr+1/σr)

2q , and the bound may be loose or vacuous. Theorem 3
establishes the geometric rate in q for a fixed sketch, but it does not by itself say that a particular
q suffices. We choose q with an offline check, increasing it until the recovered subspace stabilizes
(§4.3).

Measured convergence. At q = 0, 2, 5, the subspace-alignment error is 0.198, 0.011, 0.001 for DPT
depth (L02), 0.617, 0.254, 0.083 for DINOv2 CLS, and 0.802, 0.438, 0.214 for CLIP CLS (both at
L10). Two steps suffice where the spectral gap is large, and flatter spectra converge more slowly. This
is an empirical observation, not a consequence of a small constant C.

Corollary 1 (Quality of the Trained SPN). Under the assumptions of Theorem 3, suppose the SPN
converges to U(F ; θ∗) = V̂

(q)
r (zero subspace loss) and uses natural energies λj = ∥Jûj∥2. Then
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as ε→ 0, ∣∣∣∣Ev[v⊤gθ(F )v]Ev[v⊤g(F )v]
− κcap(r)

∣∣∣∣ ≤ (σ2
1 + σ2

r+1) r ε
(q)

∥J∥2F
. (17)

The right-hand side goes to zero as q →∞, so the trained SPN’s sensitivity ratio converges to the
ceiling κcap(r) of Theorem 1.

Corollary 2 (Gradient Signal Ratio). At convergence (v̂ → v1), the gradient signal ratio GSR =
σ2
1 ND/∥J∥2F satisfies GSR ≥ κcap(r) ·ND/r (using σ2

1 ≥ 1
r

∑r
j=1 σ

2
j ). At q = 0 (random sketch),

GSR ≈ 1.

C.4 Theorem 4: Token Pruning Error Bound

Theorem 4 (Token Pruning Error). Let ϕ denote the decoder as a function of the final-layer tensor.
Assume ϕ is twice continuously differentiable on RN×D with ∥Hϕ(x)∥op ≤ β < ∞ uniformly on
the segment {(1 − t)F̂ + tFL : t ∈ [0, 1]}. Suppose token set T is pruned. For each t ∈ T , let
ξt = FLt − F ℓt ∈ RD be the feature drift, ∆t ∈ RD the LLF correction, and ρt = ξt − ∆t the
residual. Then ∥∥ϕ(FL)− ϕ(F̂ )∥∥

2
≤

∑
t∈T

∥∥J:,t(F̂ )∥∥F ∥ρt∥2 +
β

2

∑
t∈T
∥ρt∥22, (18)

where J:,t(F̂ ) ∈ RM×D is the block of the Jacobian of ϕ for token t, evaluated at the LLF-corrected
feature tensor.

Proof. We expand ϕ(FL)− ϕ(F̂ ) around F̂ using Taylor’s theorem with Lagrange remainder:

ϕ(FL)− ϕ(F̂ ) = Jϕ(F̂ )vec(F
L − F̂ ) +R2, ∥R2∥2 ≤ β

2 ∥FL − F̂∥2F .

Kept tokens satisfy FLt = F̂t exactly, so only pruned tokens contribute. For t ∈ T , FLt − F̂t =
ξt − ∆t = ρt. Flattening row-major gives vec(FL − F̂ ) = ∑

t∈T (ID ⊗ et)ρt, and the Jacobian
acts as Jϕ(F̂ )(ID ⊗ et)ρt = J:,t(F̂ )ρt. The triangle inequality and the matrix–vector bound
∥J:,tρt∥2 ≤ ∥J:,t∥F ∥ρt∥2 bound the first-order term, and ∥FL − F̂∥2F =

∑
t ∥ρt∥22 bounds R2.

Corollary 3 (Optimal Pruning Criterion). Assume uniform residuals ∥ρt∥2 = ρ̄. Then the optimal
pruning set of size R minimises

∑
t∈T ∥J:,t(F̂ )∥F , the sum of per-token block norms. These block

norms use the decoder Jacobian at F̂ , which is only available after the remaining layers have run.
The target imp∗ of Equation 6 instead keeps the top-r part of the block norms of Jψℓ

at the prune
layer, and serves as a computable proxy for them.

D Token Pruning: Details and Extended Discussion

This appendix gives the full pruning setup summarized in §7, the CLS merge rule, the dense pruning
pipeline, and a longer discussion of the results.

Setup and pruning bound. Let T be the set of |T | = R tokens pruned at layer ℓ. Each is either
frozen (hard prune) or merged into another token (soft merge), and the resulting tensor propagates
through layers ℓ+1, . . . , L to a modified final tensor F̂ in place of FL. For each t ∈ T , write
ξt = FLt − F ℓt for the drift that the frozen feature misses, ∆t for the Last-Layer Fusion correction
(§7.2), and ρt = ξt −∆t for the uncompensated residual. View the decoder ϕ as a function of the
final-layer tensor, and let J:,t(F̂ ) ∈ RM×D be the column block of its Jacobian for token t. The
norm ∥J:,t(F̂ )∥F measures the task sensitivity of token t, and the importance score serves as a proxy
for it (§5.4). A Taylor expansion of ϕ around F̂ (Theorem 4) gives the bound (9). If residuals are
roughly uniform across T , minimizing its first-order term is exactly the optimal pruning criterion,
which is to drop the tokens with the smallest importance. The importance head approximates this
criterion through the proxy imp∗, and LLF reduces the second term.
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CLS merge rule. A CLS decoder reads a single embedding (the CLS token) and is invariant to
permutations of the remaining tokens, so tokens can be merged while preserving the information the
decoder sees, up to the error introduced by the merge itself. We follow the structure of ToMe [20] but
replace its cosine similarity with a task-induced distance. We score every token with the importance
head (st = hθ(F )t, with s0 = +∞ so that the CLS token is never merged). The ηN lowest-scoring
tokens form the source set A, and the rest form the destination set B. For each a ∈ A we find its
nearest neighbour b ∈ B under

dtask(a, b) =
√

(Fa − Fb)⊤Qa(Fa − Fb), Qa :=

r∑
j=1

σ2
j v

(a)
j (v

(a)
j )⊤ ∈ RD×D, (19)

where v(a)j ∈ RD is the a-th token block of the j-th right singular vector of J . The matrixQa is the per-
token marginal pullback metric at token a, i.e. the rank-r pullback metric restricted to perturbations
of token a alone. We then merge with importance weighting, Fb ← (saFa + sbFb)/(sa + sb). This
distance measures how far apart two tokens are in the directions the task is most sensitive to, whereas
cosine similarity weights all feature directions equally.

In our experiments, the σj and vj in (19) come from a per-image randomized SVD of J , the same
computation that produces imp∗. The matching step therefore uses Jacobian access at evaluation time,
and only the choice of which tokens to merge comes from the feature-only importance head. All CLS
strategies in our tables share this matching step and differ only in which tokens they merge. Random
selects them uniformly, ToMe score uses ToMe’s bipartite redundancy criterion, and Importance uses
hθ. Replacing the exact factors with the SPN’s uj and λj would remove the Jacobian from inference,
but we have not evaluated this.

Dense hard pruning and Last-Layer Fusion. Dense decoders such as DPT [24] read features at
multiple tap layers and reassemble them into a 2D map, which soft merging corrupts. We instead
hard-prune the R lowest-importance tokens at layer ℓ, freeze their features, and re-insert them at
their original positions at each DPT tap. The frozen features reflect layer ℓ rather than the layers the
decoder reads, and (9) shows that this drift ξt is multiplied by the token’s importance. Last-Layer
Fusion (LLF) reduces the drift. Before the final ViT block, we re-insert the pruned tokens and
run that block on the full N -token sequence, so the pruned tokens attend to the updated kept-token
features. LLF adds no parameters and needs no training. It shrinks the residual ρt in (9), heuristically
from O(ξ̄) to O(ξ̄2). We train the importance head on the single-tap probe map at the prune layer
(layer 4, and layer 8 for the second stage of 2-stage schedules), which lies between the L02 and L10
probes of Table 1, both in regime (ii). We then apply it to the full multi-tap decoder, whose DPT taps
are at layers 2, 5, 8, and 11, and the signal transfers (Table 2).

Baselines and metric for dense decoders. All dense-decoder strategies use the same hard-prune
and LLF pipeline and differ only in which tokens they remove. Random removes tokens uniformly at
random. ToMe score uses ToMe’s bipartite matching criterion [20]. Tokens are alternately assigned to
two sets, and tokens in the first set are removed in order of their highest cosine similarity to any token
in the second set, which is always kept. Importance removes the tokens with the lowest hθ(F )t. We
report the additional scale-invariant log error (SILog, ×100) of the pruned depth prediction relative
to the unpruned prediction.

Generalization. These two settings sit at opposite CV extremes. The CLS result extends to another
backbone (on CLIP-ViT-B/16, ToMe scoring degrades sharply at η = 0.50 to 33.21 against 0.76
for importance, Wilcoxon p < 10−50) and to a shifted distribution (ImageNet-Sketch [43], where
importance keeps a more than 100× advantage at low ratios). The dense result extends to other stage
configurations: on NYU-Depth-V2 [44], the 2-stage [4, 8] schedule beats ToMe scoring at every
ratio by 25–35% at 224, 336, and 448. Appendices E and G give the full numbers. Appendix H adds
frozen-backbone baselines on DINOv2 CLS, namely EViT-style class attention, token norm, and
similarity to the CLS token. The importance head is best at every ratio, and EViT is the strongest
baseline. The same appendix reports ImageNet top-1 accuracy with a k-NN classifier on the pruned
CLS embedding. Top-1 stays between 0.66 and 0.68 for every method and ratio (0.674 unpruned).
This shows that pruning is safe for classification, but top-1 cannot separate the methods, which is
why we report embedding fidelity.
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When does importance-guided pruning win? The two terms of (9) explain part of the pattern.
The importance score targets the first term, which is about which tokens to remove. It does nothing
about the second term, which depends on how stale the frozen features are. ToMe’s criterion picks
tokens by feature redundancy rather than task sensitivity. For CLS decoders it merges them, which
keeps their content in the sequence. For dense decoders it only chooses which tokens to hard-prune,
but a token that closely resembles a neighbour is plausibly one whose missing update LLF can recover
well, so its residual ρt tends to be small. This gives the following cases.

• CLS decoders, all ratios. The decoder is invariant to permutations of the non-CLS tokens,
so soft merging leaves little drift and only selection matters. Importance is best at every
ratio on both backbones (Tables 2 and 10).

• Dense decoders, single stage, ImageNet. At aggressive ratios many tokens are removed and
selection dominates the error. Importance beats ToMe scoring from η = 0.20 upward and is
the best of the three strategies from η = 0.30 upward (Table 2). At low ratios few tokens are
removed, so the selection term is small and the second term dominates. All three strategies
pay the staleness cost of hard pruning, and ToMe scoring, which favours tokens that are easy
to recover, is competitive or better.

• Dense decoders, single stage, NYU-Depth-V2. With heads trained on NYU, the pattern
reverses. Importance beats ToMe scoring at η = 0.05–0.30 (Table 5) and is slightly worse
at η = 0.50 at all three resolutions (Table 4). The account above does not explain this
dependence on the dataset.

• Multi-stage schedules. Spreading removal across layers shrinks the per-stage residuals. The
2-stage [4, 8] schedule beats ToMe scoring at every ratio and every resolution we tested
(Tables 5 and 6). The 4-stage schedule fails at η ≥ 0.30. At these ratios repeated pruning
compounds the residuals, and the quadratic term grows faster than the first-order savings.

• Resolution. Larger inputs increase N . If this spreads the task-sensitive directions over
more tokens, per-token scoring becomes less informative (Theorem 2), which matches the
single-stage loss at 448 on ImageNet (Table 4).

One pattern in Table 2 is not explained by this account. On ImageNet, the single-stage DPT error first
decreases as the prune ratio grows, for all three strategies, reaching its minimum between η = 0.20
and η = 0.40 before rising again (e.g. random: 4.59 at η = 0.05, 3.16 at η = 0.30, 3.29 at η = 0.50).
We have verified that this effect is real and not an evaluation artifact, but we do not yet know its cause.
It does not appear on NYU-Depth-V2 (Table 5), where the error grows monotonically with the prune
ratio.

In practice, we recommend importance-weighted soft merging for CLS-style decoders. For dense
decoders, we recommend a 2-stage schedule with LLF, which is the only configuration that beat
ToMe scoring at every ratio and resolution we tested (on NYU). Single-stage results depend on the
dataset, as described above. The diagnostic gives the regime label needed to make this choice before
training. We do not gate LLF dynamically. LLF is unnecessary for CLS soft merging and most useful
for dense hard pruning, where drift after pruning is largest.

Cost. We profiled single-stage dense depth pruning on a single A40 at batch size 1. At 224× 224
and η = 0.20, pruning removes 12.1% of the backbone’s theoretical FLOPs, but the pruned model
runs slightly slower than the unpruned one in wall-clock time (0.96×, and 0.98× with ToMe scoring).
With 257 tokens, the attention savings are smaller than the fixed cost of scoring, removing, and
re-inserting tokens. At 448× 448 the FLOP saving at η = 0.20 rises to 16.7% and the wall-clock
speedup becomes positive (1.12×, and 1.15× with ToMe scoring). The importance head and LLF
together cost about 2–3% more than ToMe scoring. The head (∼310K parameters) runs once per
pruning stage, and LLF runs the final ViT block on all N tokens instead of the kept ones. The 2-stage
[4, 8] schedule saves 8.6% of FLOPs at η = 0.20 and runs at 0.88× at 224× 224. The ToMe score is
cheaper to compute than the head, but on ImageNet at η ≥ 0.20 it gives larger degradation (Table 2).

E Full Sweep Results

Table 3 extends the Hutchinson tractability sweep with r = 20, m = 100 probes, and q = 2 power-
iteration steps, averaged over 50 ImageNet-val images. We report κcap(20), the truncated effective
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rank rtrunc
eff , the full-spectrum effective rank rSLQ

eff , the tail-richness ratio, and the per-token CV, for
Depth-Anything ViT-B/14 single-tap and for DINOv2 CLS at four probe layers. Unlike the DPT
rows of Table 1, the Depth-Anything probes here bilinearly downsample the depth output to a coarse
grid (8×8, 16×16, or 32×32, i.e. M = 64, 256, or 1024). Downsampling caps the rank at M and
removes fine spatial detail from the output. The effective ranks here are correspondingly lower, and
the per-token CVs higher, than for the full-resolution probes. The regime structure of §4.3 holds
across the rows. Depth-Anything single-tap sits in regime (ii) (κcap ≥ 96%, rSLQ

eff ≈ 4, ratio ≈ 1.2×).
DINOv2 CLS sits in regime (iii), with κcap falling from 58% at L02 to 33% at L10, possibly because
the CLS-token Jacobian spreads across more attention paths at later layers.

VGGT depth: an example of regime (i). VGGT depth at L16 (full) sits in regime (i) of §4.3. Its
κcap(20) is 76.2%, and its spectrum at the input to VGGT’s heads is rich (rSLQ

eff = 282 at xvis). Two
features distinguish it from the other configurations in Table 1. First, unlike DPT, its CV of 0.63 is
high rather than near zero. Per-token architectures would therefore be viable if the rank budget were
large enough, so the obstacle is rank and not delocalization. Second, the VAE compression of §6
brings the rank down to rSLQ

eff ∈ [30, 53], which moves the pipeline into regime (ii) and makes the
SPN trainable.

E.1 Multi-tap probes and tap spacing

One might expect multi-tap dense decoders to appear intractable simply because they read from
many layers. Our results indicate that the number of taps alone does not explain the observed
intractability. We diagnose Depth Anything V2 at its natural multi-tap probe xdpt = [F 2 | F 5 | F 8 |
F 11] ∈ R257×3072, the concatenated DPT hook features at all four tap layers of the 12-layer ViT-B
backbone. With the same number of taps (K = 4) as VGGT, the spectral-entropy effective rank
is rSLQ

eff = 36.0, close to the single-tap result at L02 (rSLQ
eff ∈ [20, 34]). The coverage rank satisfies

κcap(50) = 0.900, so the probe is tractable at rank budget r = 50. By contrast, VGGT’s four taps
span layers {4, 11, 17, 23} of a 24-layer model and produce rSLQ

eff = 282.6, κcap(50) = 0.578, and
r0.90 ≫ 100. We attribute the 282.6/36.0 ≈ 7.8× gap to how orthogonal the taps are. The DA
V2 taps are only 3 layers apart in a 12-layer model, so their Jacobians are nearly aligned (effective
tap multiplicity Keff ≈ 1.1×) and reading several taps costs little extra rank. VGGT’s taps span
very different feature levels, so their Jacobians are nearly orthogonal and the penalty is the full
Keff ≈ K = 4×.

The two probes also differ in spatial structure. At the single-layer L02 probe, DA V2 has CV ≈ 0.026,
which is fully delocalized, and Theorem 2 rules out per-token scoring. At the multi-tap probe xdpt,
CV = 2.381, which is highly localized. This reversal is not a contradiction. The low CV at L02
arises downstream of the 10 subsequent ViT blocks, whose global self-attention spreads any input
perturbation across all tokens before it reaches the decoder taps. The xdpt probe bypasses those
blocks and so keeps the spatial locality of the depth task, in which object boundaries and foreground–
background transitions contribute more to depth sensitivity than the interiors of regions. In the two
architectures we measured, intractability at multi-tap probes therefore comes from tap layers that are
nearly orthogonal, as in VGGT’s deep, widely spaced taps, and not from dense decoding or multi-tap
reading as such.

Probe-point effective ranks. Where in the pipeline we measure the spectrum matters, and the
measurements sort our pipelines into four groups. Tractable (structural). VGGT camera at L16
single-tap has rSLQ

eff ≤ 9 and a 90%-cumulative rank r0.90 ≤ 9, because the camera head has only
nine outputs. Tractable (concentrated). DA V2 DPT at L02 single-tap has rSLQ

eff ∈ [20, 34] and
r0.90 ≈ 15 across seeds, consistent with the regime (ii) classification used for the importance head.
Intractable in the original space. Probing VGGT depth and VGGT pointcloud at the input to VGGT’s
task heads, xvis (the concatenated tokens of layers 4, 11, 17, 23), gives rSLQ

eff = 282 and 212, with
r0.90 ≫ 100 in both cases. These spectra are far too rich for any rank-r SPN we can train. Tractable
after VAE compression. Routing the same probe through the VAE bottleneck of §6 lowers the rank
to rSLQ

eff ∈ [30, 53] and r0.90 ≈ 40. Here r0.90 is the smallest k at which the cumulative spectrum
reaches 90% of ∥J∥2F , i.e. r0.90 = min{k : κcap(k) ≥ 0.9}.
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Table 3: Full Hutchinson tractability sweep covering Depth-Anything ViT-B/14 (DPT depth, single-
tap) at three probe layers, with the depth output downsampled to 8×8, 16×16, or 32×32, and
DINOv2 ViT-B/14 CLS at four probe layers. “Ratio” is rSLQ

eff /rtrunc
eff .

Config κcap(20) rtrunc
eff rSLQ

eff Ratio CV

Depth-Anything ViT-B/14 (DPT depth, single-tap, downsampled output)

DA, L05, 16×16 96.30% 3.54 4.3 1.2× 1.06
DA, L05, 8× 8 96.36% 3.18 4.2 1.3× 1.17
DA, L05, 32×32 96.77% 3.67 4.4 1.2× 0.82
DA, L08, 16×16 97.53% 2.95 3.6 1.2× 1.16
DA, L10, 16×16 97.13% 3.45 3.9 1.1× 1.26
DA, L10, 8× 8 97.59% 3.19 4.2 1.3× 1.44
DA, L10, 32×32 96.21% 3.53 4.2 1.2× 0.98

DINOv2 ViT-B/14 CLS

DINOv2 CLS, L02 58.29% 46.46 90.8 2.0× 0.83
DINOv2 CLS, L05 51.41% 52.91 122.1 2.3× 1.12
DINOv2 CLS, L08 41.88% 59.58 189.9 3.2× 2.03
DINOv2 CLS, L10 33.36% 63.68 270.2 4.2× 4.06

DPT pruning robustness across resolutions and datasets. Table 4 reports single-stage [4] DPT
pruning quality at the aggressive ratio η = 0.50 on ImageNet (IN) and NYU-Depth-V2, at three input
resolutions. Importance wins on ImageNet at 224 and 336 and loses to ToMe scoring at 448. On
NYU at η = 0.5, the three strategies are within ∼ 1 point of each other, and random selection (not
shown) is nominally best at all three resolutions. Single-stage pruning is past its useful range once
half the tokens are dropped on dense depth. The 2-stage [4, 8] configuration of Table 5 restores the
importance advantage on NYU.

Table 4: Single-stage [4] DPT pruning at η = 0.50 on ImageNet and NYU-Depth-V2 at three input
resolutions. Additional SILog (×100), lower is better. ToMe denotes ToMe-score token selection
(§7.2). Heads are retrained for each (dataset, resolution) pair except IN@224, which reuses the head
of Table 2. Mean over 3 seeds.

Method IN@224 IN@336 IN@448 NYU@224 NYU@336 NYU@448

ToMe score 4.09 3.65 4.70 6.40 6.84 6.98
Importance 3.08 3.56 5.11 6.43 6.91 7.38

Dataset-matched multi-stage pruning on NYU. Table 5 reports DPT pruning quality on NYU
with importance heads trained directly on NYU rather than transferred from ImageNet, under three
progressive-pruning stage configurations. The 2-stage [4, 8] configuration beats ToMe scoring at
every ratio, with ≈ 25–35% relative reduction. The other two configurations depend on the ratio.
Single-stage wins everywhere except η = 0.5, where it ties ToMe scoring. The 4-stage [1, 4, 7, 10]
schedule gives the best absolute numbers at low ratios (η ≤ 0.20) but fails at high ratios (η ≥ 0.30).

2-stage [4, 8] across NYU resolutions. Table 6 reports the 2-stage [4, 8] configuration at NYU@336
and NYU@448 with heads retrained at the target resolution. Importance beats ToMe at every ratio at
both resolutions, with relative reductions of 25–35% that match the @224 pattern reported in Table 5.
Variance ≤ 0.14 across 3 seeds.

F Importance Head Ablations

We ablate four design choices of the importance head. Unless noted otherwise, numbers are mean ±
std across 3 seeds and the metric is cosine distance degradation (×100) vs. the full-pass DINOv2
CLS embedding on ImageNet-val.

E.1 Block norms vs. σ2-weighted target. On DPT depth at probe layer 4, training the importance
head against the σ2-weighted target of Equation 6 gives Spearman ρ ≈ 0.20. Training against plain
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Table 5: DPT pruning on NYU-Depth-V2 @ 224 with NYU-trained importance heads. Additional
SILog (×100), lower is better. ToMe denotes ToMe-score token selection. Variance ≤ 0.12 across
3 seeds. Bold marks the best per (stages, ratio) cell. The 2-stage [4, 8] configuration also wins at
NYU@336 and @448 (App. E.1).

Stages Method η=0.05 0.10 0.20 0.30 0.50

[4] ToMe score 4.12 4.89 5.17 5.32 6.40
Importance 3.07 3.82 4.58 5.00 6.43

[4, 8] ToMe score 3.52 4.44 5.19 5.37 5.58
Importance 2.42 3.07 3.86 4.34 5.12

[1, 4, 7, 10] ToMe score 2.16 2.51 3.08 3.59 4.90
Importance 1.03 1.56 2.72 4.16 6.43

Table 6: 2-stage [4, 8] DPT pruning on NYU-Depth-V2 @ 336 and @ 448 with NYU-trained
importance heads. Additional SILog (×100), lower is better. ToMe denotes ToMe-score token
selection. Bold marks the best per (resolution, ratio) cell.

Resolution Method η=0.05 0.10 0.20 0.30 0.50

NYU@336 ToMe score 3.50 4.33 5.00 5.29 5.99
Importance 2.50 3.22 4.09 4.59 5.39

NYU@448 ToMe score 3.72 4.70 5.46 5.58 6.13
Importance 2.29 2.99 3.93 4.53 5.51

Jacobian block norms ∥J:,t∥F gives only ρ ≈ 0.09. We run this ablation on DPT because it is the
delocalized case (CV ≈ 0.026 at the L02 and L10 probes of Table 1), where Theorem 2 predicts that
the block-norm signal is approximately constant across tokens.

E.2 Ranking-loss weight wrank. Setting wrank = 0 removes the ranking term and reduces the loss
to log-space regression. Setting wrank = 1.0 doubles the weight relative to the default wrank = 0.5.
Pruning quality is nearly the same across the three settings (Table 7). We expect the ranking term to
matter more in harder regimes, where the importance head is far from the ceiling.

Table 7: Ablation E.2: ranking-loss weight wrank. DINOv2 CLS L10 @ 224, ntrain = 2000.

wrank η=0.05 0.10 0.15 0.20 0.30 0.40 0.50

0.0 0.001 0.007 0.024 0.058 0.255 0.811 2.142
0.5 0.001 0.007 0.024 0.060 0.250 0.803 2.089
1.0 0.001 0.007 0.024 0.058 0.249 0.793 2.171

E.3 Architecture size. We sweep the hidden width H over {128, 256, 512} (default 256) and the
number of attention heads over {2, 4, 8} (default 4). Pruning quality plateaus at the default (H = 256,
4 heads, 310K parameters), and larger heads give no measurable improvement. Two heads are slightly
better than four at every ratio except η = 0.05, where they tie. We keep four heads in all other
experiments.

E.4 Training-set size. We vary the number of training images ntrain ∈ {500, 1000, 2000, 4000}.
Pruning quality saturates by ntrain = 2000 on DINOv2 (the default). On DPT there is no consistent
trend: ntrain = 4000 is best at the two lowest ratios and ntrain = 500 at the others.

G Additional Backbone: CLIP CLS Pruning

We replicate the CLS pruning experiment on CLIP-ViT-B/16 [45] with the same probe layer (ℓ = 10),
the same head architecture and training protocol, and the same evaluation set. Table 10 reports the
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Table 8: Ablation E.3: hidden width and attention-head sweep. DINOv2 CLS L10 @ 224, ntrain =
2000, wrank = 0.5.

Config η=0.05 0.10 0.15 0.20 0.30 0.40 0.50

H = 128 0.001 0.007 0.024 0.060 0.260 0.806 2.124
H = 256 (default) 0.001 0.007 0.024 0.060 0.250 0.803 2.089
H = 512 0.001 0.007 0.023 0.057 0.244 0.788 2.105

2 heads 0.001 0.006 0.020 0.052 0.226 0.741 2.011
4 heads (default) 0.001 0.007 0.024 0.060 0.250 0.803 2.089
8 heads 0.001 0.007 0.022 0.055 0.245 0.802 2.124

Table 9: Ablation E.4: training-set size. Top: DINOv2 CLS L10 @ 224 (cosine ×100). Bottom: DPT
depth L4 @ 224 (SILog ×100).

ntrain η=0.05 0.10 0.15 0.20 0.30 0.40 0.50

DINOv2 CLS L10
500 0.001 0.007 0.025 0.066 0.270 0.838 2.024
1000 0.001 0.008 0.024 0.058 0.246 0.781 2.131
2000 0.001 0.007 0.024 0.060 0.250 0.803 2.089
4000 0.001 0.007 0.025 0.064 0.273 0.872 2.196

DPT depth L4
500 0.997 1.452 1.787 2.130 2.797 3.421 3.927
1000 1.018 1.472 1.835 2.193 2.860 3.492 4.020
2000 0.992 1.448 1.870 2.244 2.969 3.660 4.243
4000 0.953 1.401 1.815 2.181 2.890 3.566 4.117

result. Table 11 reports the per-ratio Wilcoxon paired test of ∆ = hθ − hToMe across the evaluation
set, with bootstrap 95% confidence intervals.

Table 10: CLIP CLS L10 pruning quality, ImageNet-val @ 224, mean ± std across 3 seeds. Cosine
distance degradation ×100. ToMe scoring degrades sharply at η = 0.50, approaching the random
baseline, while the importance head’s degradation is 44× smaller.

Method η=0.05 0.10 0.15 0.20 0.30 0.40 0.50

Random 3.10 ±0.44 7.03 ±1.48 13.31 ±1.30 13.55 ±2.00 23.73 ±2.41 30.10 ±1.09 36.31 ±0.69

ToMe score 0.12 ±0.01 0.17 ±0.04 0.21 ±0.03 0.21 ±0.05 0.33 ±0.04 2.40 ±0.38 33.21 ±1.09

Importance 0.001 ±0.000 0.004 ±0.000 0.012 ±0.001 0.026 ±0.002 0.094 ±0.009 0.29 ±0.01 0.76 ±0.03

Distribution shift: ImageNet-Sketch. We evaluate the same DINOv2 CLS head on
ImageNet-Sketch (3 seeds, cosine ×100). At η ∈ {0.05, 0.10, 0.15, 0.20, 0.30, 0.40, 0.50},
importance gives 0.001/0.005/0.018/0.048/0.216/0.777/2.169 and ToMe scoring gives
0.519/0.662/0.665/0.942/1.072/1.661/2.171. The importance head keeps a more than 100×
advantage at low ratios. The gap closes at η = 0.50, but neither method is much worse than on
in-distribution data.

H Additional Baselines and Classification Accuracy

Frozen-backbone baselines. Methods such as DynamicViT, A-ViT, and Token Cropr fine-tune the
backbone together with their scoring mechanism, so they do not apply to a frozen backbone–decoder
pair. We therefore compare against scoring rules that work on a frozen model, all inside the same
CLS merge pipeline (§7.1). EViT scores tokens by the attention the CLS token pays to them [23].
Token norm uses the ℓ2 norm of each token’s features. CLS similarity uses the cosine similarity of
each token to the CLS token. Table 12 reports the results on DINOv2 CLS at probe layer 10. The
importance head is best at every ratio. EViT is the strongest baseline and comes close at low ratios,
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Table 11: Wilcoxon paired test, CLIP CLS @ 224. ∆ = Importance − ToMe per evaluation pair,
in raw cosine-distance units (not ×100). Negative ∆ means importance is better. All ratios are
significant at p < 10−4, and all except η = 0.30 and η = 0.40 at p < 10−50.

η Mean ∆ 95% bootstrap CI Wilcoxon p

0.05 −0.00119 [−0.00145,−0.00095] 2.9× 10−92

0.10 −0.00170 [−0.00227,−0.00124] 9.2× 10−90

0.15 −0.00199 [−0.00268,−0.00143] 5.8× 10−76

0.20 −0.00180 [−0.00240,−0.00129] 5.5× 10−57

0.30 −0.00232 [−0.00399,−0.00118] 5.8× 10−5

0.40 −0.02110 [−0.02970,−0.01339] 3.2× 10−9

0.50 −0.32452 [−0.33672,−0.31222] 1.5× 10−95

but it needs the attention weights, whereas the head uses a single forward pass on the features. Both
training-free baselines beat ToMe scoring. This table comes from a separate single-seed run, so its
values differ slightly from Table 2, which averages three seeds.

Table 12: Frozen-backbone baselines, DINOv2 CLS L10, ImageNet-val @ 224. CLS cosine-distance
degradation (×100), lower is better. Single seed.

Method η=0.05 0.10 0.15 0.20 0.30 0.40 0.50

Importance 0.00 0.01 0.02 0.06 0.24 0.82 2.17
EViT 0.00 0.01 0.03 0.06 0.28 0.88 2.30
Token norm 0.04 0.14 0.25 0.38 0.78 1.45 2.59
CLS similarity 0.02 0.08 0.17 0.42 0.90 1.70 2.91
ToMe score 0.53 0.71 0.97 0.99 1.77 2.28 3.69
Random 0.14 0.36 0.58 0.83 1.29 2.07 3.48

Classification accuracy. To check that embedding fidelity translates into classification accuracy,
we classify the pruned DINOv2 CLS embeddings on ImageNet-val with a weighted k-NN classifier
(k = 20, temperature 0.07, a bank of 20,000 training embeddings). The unpruned model reaches
top-1 0.674. For every method and every prune ratio, top-1 stays between 0.66 and 0.68. At η = 0.50
it is 0.670 for the importance head, 0.668 for ToMe scoring, and 0.664 for random selection. Pruning
is therefore safe for classification in this setting. The differences between methods are too small
to separate them, because the classifier reads only the CLS token, which is never pruned. Cosine
distance to the unpruned embedding is more sensitive, which is why we use it as the main metric.

I Token Importance Visualizations

Figure 2 shows per-token importance maps for the DPT depth task on four ImageNet-val images,
comparing the importance head with ToMe cosine scoring. Each heatmap is the per-token score
reshaped to the 16×16 patch grid and alpha-blended over the input. White outlines mark the top-25%
tokens that pruning would keep. The bottom row shows the depth map predicted by the frozen DPT
decoder, so that the reader can see what task the importance signal serves. Each heatmap is annotated
with its per-image Spearman ρ against the target imp∗.

Two qualitative observations stand out. First, the importance head’s map concentrates on depth
discontinuities, such as the curtain on the dark window, the dog’s body against the rug, the hairdryer
body, and the poodle’s outline, and it agrees well with the target (ρ ∈ [0.87, 0.95]). These four
images are illustrative. Their per-image ρ is well above the held-out average of ≈ 0.20 (§4.2), so they
show where the head does well rather than typical agreement. The pattern is what the σ2-weighted
top-r projection of Equation 6 predicts. DPT is delocalized on average (CV ≈ 0.026 at the L02 and
L10 probes of Table 1), but the locally task-salient directions cluster on object boundaries, and the
importance head recovers them. Second, ToMe’s cosine-similarity heatmaps are nearly uncorrelated
with the target (ρ ∈ [−0.14, 0.27]). They highlight tokens that differ from their neighbours rather
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than tokens the depth decoder is sensitive to, and so they pick scattered patches in the background
and in textured regions instead of the depth-relevant regions.
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Figure 2: DPT depth token importance on four ImageNet-val images. Row 1: input. Row 2:
importance-head scores, with white outlines on the top-25% tokens and per-image Spearman ρ
against the target imp∗ in the bottom-right corner. Row 3: ToMe cosine-similarity scores, with the
same overlay. Row 4: depth predicted by the frozen DPT head. The importance head concentrates
on depth discontinuities and matches the target at ρ ∈ [0.87, 0.95] on these examples (the held-out
average is ≈ 0.20). ToMe is nearly uncorrelated with the target (ρ ∈ [−0.14, 0.27]).

J SPN VAE Validation: Full Setup and Results

We instantiate the VAE-compression pipeline on VGGT depth, which is in regime (i) without
compression (§6). The probe point is the VAE latent z ∈ R4096 and the probe map is z 7→ ϕ(G(z)):
the VAE decoder reconstructs the head-input features, which the frozen VGGT depth head reads. The
SPN takes VGGT layer-23 features as input and predicts U ∈ R4096×r in the latent space. Because
this Jacobian has only 4096 columns, an exact SVD gives the ground-truth subspace against which
we measure V1. We train the SPN via Algorithm 2 and ablate the role of the RandNLA scheme by
comparing three SPN variants with otherwise identical architecture and training data:

• Random init, an SPN initialized at random with no supervision (worst-case baseline).

• RandNLA q = 1, our Algorithm 2 with a single power-iteration step (cheapest meaningful
setting).

• Spectral, supervision computed at every step from a high-rank deterministic SVD of J .
This is the supervision ceiling that RandNLA approximates, i.e. the best this SPN reaches
when given exact targets.
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Table 13 reports the subspace-alignment metric V1 = 1
r∥U(F ; θ)⊤V ∗

r ∥2F ∈ [0, 1] between the SPN’s
predicted modes and the true rank-r task-sensitive subspace (V1 = 1 is perfect alignment). Two
conclusions follow.

Table 13: SPN training on VAE-compressed VGGT depth. Subspace alignment V1 between predicted
modes and the true rank-r subspace, higher is better. Random initialization has no signal, and
RandNLA at the cheapest setting matches the supervision ceiling within noise.

SPN variant V1

Random init 0.005
RandNLA, q = 1 (ours) 0.713
Spectral (supervision ceiling) 0.710

First, the gap between random and structured supervision (0.005 vs. 0.713, a ≈ 140× improvement)
shows that the SPN learns task geometry and not training-set artifacts. A random initialization does
not come close to the true subspace, so the improvement comes from fitting the Jacobian’s top-r
directions. Second, RandNLA at q = 1 matches the supervision ceiling within noise (0.713 vs.
0.710). The ceiling sits at ≈ 0.71 rather than 1 because V1 is an amortized alignment. A single
feature-conditioned network must predict the top-r subspace for all images from features alone,
and it cannot reproduce every image’s SVD exactly. The ≈ 0.29 shortfall is therefore the SPN’s
approximation error, not a limitation of the SVD or of RandNLA, which is why exact deterministic
supervision (Spectral) does no better than cheap randomized supervision (RandNLA, q = 1). The
saturation at q = 1 shows that, for the VAE-compressed Jacobian, a single power-iteration step
already resolves the top-r subspace. This is consistent with the geometric rate of Theorem 3, but it is
an empirical finding, since the theorem’s constant is too loose to predict it.

This experiment supports two claims. (a) The VAE pathway of §6 works in practice. An intractable
dense decoder becomes a compressed pipeline in which the SPN learns the rank-r task-sensitive
subspace, up to the amortization gap discussed above. (b) The RandNLA training algorithm of
§5.3 reaches the supervision ceiling at the cheapest setting, which supports both Algorithm 2 and
Theorem 3.

K Task-Induced Retrieval

A second application of the learned geometry is task-sensitive image retrieval. Instead of scoring
image similarity by Euclidean or cosine distance, we score it by a task-induced distance derived from
the rank-r pullback metric.

Setup. Given a query feature Fq and a gallery {Fi} extracted from DINOv2 ViT-B/14 at ℓ = 10,
we rank the gallery by predicted distance to Fq . The reference distance is the depth-decoder distance
∥ϕ(Fq)− ϕ(Fi)∥ between the dense outputs (AbsRel-normalised). Galleries are constructed from
ImageNet-val (in-distribution) and from NYU-Depth-V2 (cross-dataset, training on ImageNet only).
We report Spearman ρ and Kendall τ between predicted and reference ranking, and MAE/RMSE
between predicted and reference distance values, averaged over a held-out query set.

Distance definition. The Riemannian geodesic length under gθ between F1 and F2 is L(F1, F2) =∫ 1

0

√
γ̇(t)⊤gθ(γ(t)) γ̇(t) dt along the minimizing path. Solving for γ requires numerical integration

or matrix exponentials, which is prohibitive at the dimensionality ND = 257× 768 ≈ 2× 105 of a
ViT-B feature map. We therefore use a first-order trapezoidal surrogate. Write δ = F2−F1 ∈ RN×D,
and let δ̂t = δt/∥δ∥F be the unit-normalized per-token differences. The asymmetric distance from
F1 to F2 is

dθ(F1, F2) = s · ∥δ∥F ·
∥∥W⊤w̄(F1)

∥∥
2
, w̄(F1) =

N∑
t=1

hθ(F1)t δ̂t ∈ RD, (20)

where s ∈ R>0 is a learned global scale, W ∈ RD×k is a learned low-rank factor, and hθ(F1)t is
the importance-head score at token t of F1. Here ∥δ∥F measures the overall feature change, w̄(F1)
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aggregates the per-token differences with task-dependent weights, and ∥W⊤w̄(F1)∥2 projects that
aggregate onto the rank-k task-sensitive subspace. Symmetrizing gives the symmetric distance

dsym(F1, F2) = 1
2

[
dθ(F1, F2) + dθ(F2, F1)

]
. (21)

Three properties hold by construction. The metric gθ is symmetric positive definite, it varies smoothly
with F , and dsym is exactly symmetric. The block-diagonal factorization lets Woodbury’s identity
invert gθ at cost O(NDk+ k3) rather than O((ND)3), so distance evaluation uses features only and
is cheap. We call this distance the Distilled Riemannian Metric (DRM).

Training. Triplets (F1, F2, dtask) are sampled by drawing image pairs from the training set, ex-
tracting layer-ℓ features, and computing dtask = ∥ϕ(F1) − ϕ(F2)∥ from the frozen depth decoder.
The loss combines a regression term on the task distance and a distillation term tying the per-token
weights hθ(F )t to the Jacobian-derived target importance imp∗ of §5.4:

L = Lreg
(
dsym(F1, F2), dtask

)
+ λd Ldistill.

Without Ldistill, the weights hθ have no anchor to the underlying geometry, and without Lreg, the scale
s and projection W are unsupervised. The two losses play different roles. Lreg calibrates the overall
magnitude, and Ldistill shapes the per-token contributions.

Methods compared. Three feature-only distances on the same DINOv2 features. L2 is ∥F1−F2∥F
between layer-ℓ feature tensors. Cosine uses CLS-pooled cosine similarity, the standard ViT retrieval
baseline. DRM is the symmetrised distance of Equation 21. All three operate at query time without
re-running the depth decoder.

Results. Table 14 reports the in-distribution evaluation. DRM’s predicted ranking matches the
reference at Spearman ρ = 0.783, against 0.223 for L2 and 0.206 for cosine, a 3.5× improvement
in correlation. MAE drops from 11.43 (L2) and 0.677 (cosine) to 0.233. Table 15 reports the
cross-dataset case (trained on ImageNet, evaluated on NYU-Depth-V2). DRM keeps its lead on
every metric, with ρ = 0.457 against 0.338 for cosine and MAE 0.246 against 0.627. The learned
task-induced distance has the highest rank correlation in both settings. The gap narrows under
distribution shift but does not collapse, which matches the pruning result that geometry trained on
ImageNet transfers to NYU at lower but useful quality.

Table 14: In-distribution depth retrieval (train ImageNet, test ImageNet, same-distribution split).
Lower is better for MAE/RMSE; higher is better for Spearman/Kendall. Bold: best per column
among learned/baseline rows.

Method Spearman ρ Kendall τ MAE RMSE

L2 baseline 0.223 0.153 11.43 11.55
Cosine baseline 0.206 0.139 0.677 0.805
DRM 0.783 0.581 0.233 0.289
Reference (decoder distance) 1.000 1.000 0.000 0.000

Table 15: Cross-dataset generalization: methods trained on ImageNet, evaluated on NYU-Depth-V2.
The learned task-induced distance retains a clear lead over the Euclidean and cosine baselines on
every metric.

Method Spearman ρ Kendall τ MAE RMSE

L2 baseline 0.266 0.178 7.77 7.90
Cosine baseline 0.338 0.229 0.627 0.707
DRM 0.457 0.312 0.246 0.310
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L Glossary of Notation

Symbol / term Meaning

F ℓ ∈ RN×D ViT features at probe layer ℓ; N tokens of dimension D.
ϕ Frozen task decoder (DPT depth head, CLS embedding, VGGT heads).
ψℓ, M Probe map from layer-ℓ features to the M -dimensional task output.
J Jacobian of the probe map’s output with respect to F ℓ, of size M ×ND.
g = J⊤J Pullback metric: v⊤gv = ∥Jv∥2 is the squared first-order output change under

perturbation v. Positive semidefinite.
σj , vj Singular values and right singular vectors of J , largest first.
r Number of directions kept in the low-rank metric (r = 20 by default).
κcap(r) Fraction of ∥J∥2F carried by the top-r directions; the tractability diagnostic.
reff Entropic effective rank of the squared singular values (trunc: top-r only; SLQ: full

spectrum).
CV Coefficient of variation of the per-token energy of the vj (Eq. 4); low CV means

delocalized.
m, q, r0 Hutchinson probes, power-iteration rounds, and sketch width.
imp∗ Jacobian-derived per-token importance target (Eq. 6).
SPN, gθ Spectral Pullback Network; predicts the rank-r metric from features (Eq. 5).
Importance head, hθ Small feature-only network predicting imp∗ per token.
LLF Last-Layer Fusion; runs the final ViT block on the full token sequence to refresh

hard-pruned tokens.
η Prune ratio: the fraction of tokens removed.
V1 Subspace alignment 1

r
∥U⊤V ∗

r ∥2F between predicted and true top-r subspaces.

M Limitations

(i) The VAE-compressed pullback approximates g only in directions the VAE reconstructs well, and
we have no analytic bound on the discrepancy. (ii) The importance head is trained per (decoder, probe
layer), and cross-decoder transfer is untested. (iii) κcap is measured at decoder-facing probe layers,
not at internal attention or MLP outputs. (iv) The evaluation is diagnostic in scope. Experiments
use a single A40, 50–2,000 images, and ToMe scoring as the primary dense-pruning baseline, and
the additional frozen-backbone baselines of Appendix H cover only DINOv2 CLS. (v) Performance
depends on the configuration and the dataset. Single-stage importance pruning loses to ToMe scoring
at low prune ratios on ImageNet and at η = 0.50 on NYU-Depth-V2, and 4-stage pruning fails at
high ratios (§7.3). (vi) Single-stage pruning is sensitive to input resolution and loses to ToMe scoring
at 448 × 448 on ImageNet. (vii) At 224 × 224 the pruned model is slightly slower in wall-clock
time than the unpruned one despite a 12.1% FLOP reduction. A speedup (1.12×) appears only at
448× 448, where ToMe scoring is slightly faster (1.15×). The method targets output fidelity under
pruning rather than throughput. (viii) For CLS decoders, the merge step in our experiments uses the
exact Jacobian SVD (§7.1).

N Discussion

A common assumption in deep representation learning is that better features lead to better down-
stream performance. Our results suggest a complementary view. When the features are already as
expressive as those of a ViT-B/14 backbone, what matters most is which directions in feature space
the downstream task actually reads, and these directions can be recovered from the decoder’s Jacobian
without retraining the backbone. In this sense, learning which directions matter can be as valuable as
learning better features.

O Future Work

Several follow-ups build on the importance head and the metric it distills. Because the head supplies
a feature-only metric without backpropagating through the decoder, it enables Riemannian flow
matching under task-induced metrics [46, 47], which raises the question of whether a task-sensitive
velocity field produces straighter trajectories than Euclidean flow matching. It also enables geodesic
image interpolation and editing as a metric-aware analogue of linear feature interpolation [13, 14].
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Computing κcap per token would give a matrix-free local-reliability estimate for dense prediction
without retraining. Two further directions use the diagnostic itself. Applying κcap to LLM feature
spaces, with the probe map given by the unembedding composed with the residual stream, could
indicate whether attribution methods such as integrated gradients [48] or SmoothGrad [49] are reliable
for a given decoder, at a cost of O(m + rq) Jacobian-vector products per layer. Using tr(g(F ))
together with the κcap defect as out-of-distribution scores would give matrix-free OOD detection that
can be benchmarked against energy-based [50] and Mahalanobis [51] baselines. Other directions are
cross-task metric transfer, optimal-transport retrieval with dg as the ground cost [52], and estimating
the sectional curvature of (F, g) [11, 15].
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